Abstract. During the last decades, by applying techniques from Number Theory, Combinatorics and Measure Theory, remarkable progress has been made in the study of deep holes, free planes and related topics in packings of convex bodies, especially in lattice ball packings. Meanwhile, some fascinating new problems have been proposed. To stimulate further research in related areas, we will review the main results, some key techniques and some fundamental problems about deep holes, free cylinders and free planes in this paper. Let E n denote the n-dimensional Euclidean space and let x 1 , x 2 denote the Euclidean distance between two points x 1 and x 2 . For convenience, we call the minimum distance between distinct points of a set its separation. Based on Question 0.1 it is natural to ask the following question. By a routine argument one can show that the minimum is 2/ √ 3 and every optimal set is isometric to
Background and examples

Question 0.1. In an equally populated region the government is going to open a large (fixed) number of schools. Of course, a pupil will be happy if he lives in the vicinity of a school. However, no matter how the schools are located, some of the pupils (in the deep holes) are farther away than the others. In this situation, how should the locations of the schools be chosen so as to minimize the schooling distance of those pupils?
Let E n denote the n-dimensional Euclidean space and let x 1 , x 2 denote the Euclidean distance between two points x 1 and x 2 . For convenience, we call the minimum distance between distinct points of a set its separation. Based on Question 0.1 it is natural to ask the following question. By a routine argument one can show that the minimum is 2/ √ 3 and every optimal set is isometric to
where Z indicates the integer ring. In this case, one can triangulate E 2 into congruent regular triangles of edge length 2 and with all their vertices belonging to Λ 2 .
Notation and definitions
Let C denote an n-dimensional centrally symmetric convex body centered at the origin o. As usual, its interior, surface and volume are denoted by int(C), ∂(C) and v(C), respectively. Especially, let B n denote the n-dimensional unit ball. Let C + x denote the translate of C centered at x, let C + X denote the union of the translates of C centered at the points of X and, for a positive number λ and a set A of points, let λA denote the homothetic copy of A with factor λ. We say C + X is a packing of C in E n if (int(C) + x i ) ∩ (int(C) + x j ) = ∅ holds for any distinct points x i and x j of X. Then we call X a packing set of C. Especially, we call it a packing lattice of C if it is a lattice. Let r(C, X) be the maximum number (to avoid triviality, we assume r(C, X) is finite) such that r(C, X)C + p ⊆ E n \ {int(C) + X} holds for some point p. Such a point is called a deep hole in the packing, and the number 1 + r(C, X) is called the depth of the deep hole. In other words, a deep hole in a packing C + X is a point where one can add a largest homothetic copy of C to the packing. It follows by symmetry that (1 + r(C, X))C + X is a covering of E n ; that is (1 + r(C, X))C + X = E n .
Clearly r(C, X) provides a measure of the efficiency of the packing, and the corresponding deep hole provides a solution for some optimization problem. where the minimum is over all packing lattices Λ of C. Usually, we call γ(C) the simultaneous packing and covering constant of C and call γ * (C) the simultaneous lattice packing and lattice covering constant of C.
There are many fascinating problems about deep holes. Here we list two as their representatives. Problem 1.1. Is there an n-dimensional centrally symmetric convex body C such that γ * (C) ≥ 2?
This problem has a more intuitive formulation which is well-known in Packing and Covering: Is there an n-dimensional convex body K such that one can add a translate of K into every lattice packing K +Λ? For such a convex body, if it exists, the density of its densest lattice packing is strictly less than the density of its densest translative packing. The existence of such convex bodies has been conjectured by many authors. However, no example has been discovered.
Before stating Problem 1.2, let us define γ(C) and γ * (C) in terms of the Minkowski metric. For a given C we can introduce the Minkowski metric x, y C = min{λ : x − y ∈ λC; λ ≥ 0} into the n-dimensional linear space R n (where R indicates the real number field), producing a Minkowski space M n . Clearly, M n is nothing else but the Euclidean space when C = B n . As usual, for a subset X of M n we call inf{ x, y C : x = y, x, y ∈ X} the separation of X. Thus,
holds for every discrete set X of separation 2 in M n . Consequently, we have
where the outer minimum is over all discrete sets of separation 2 in M n , and
where the outer minimum is over all packing lattices of C.
Problem 1.2.
Determine the values of γ(C) and γ * (C) and their corresponding optimal packing sets for some particular C, for example B n .
This problem is very important indeed. On the one hand, it creates an active research area in Packing and Covering. On the other hand, it provides a model for many optimization problems. Designing efficient error-correcting codes is such a problem (over a finite field).
A plane F is called a free plane in a packing C + X if it has no intersection with int(C) + X; that is
The existence of free planes is relatively difficult to imagine. However, they do exist, at least in every lattice ball packing. Let κ(C) denote the maximal integer κ such that in every packing C + X there is a κ-dimensional free plane, and let κ * (C) denote the corresponding number when X is limited within lattices. It is obvious that
In fact, as we will see from Corollary 6.1,
holds for every convex body C. However, κ * (C) is much more complicated and challenging compared with κ(C), especially in the ball case. We have the following key problem about free planes. Problem 1.3. Determine the value of κ * (C) for some particular C, for example B n , and determine the asymptotic order of κ * (B n ) for sufficiently large n.
Deep holes and free planes are two basic concepts needed to understand packings and coverings of convex bodies. In fact, they describe the key geometric structure of E n \ {int(C) + X}. At first glance they are rather independent of each other. However, they are closely related by means of a sequence of numbers called covering minima. Determining the values of γ(C), γ * (C) and κ * (C) for a particular centrally symmetric convex body-similar to determining its packing density, covering density and kissing number-is a fascinating but very challenging problem. For more related definitions we refer to [8] , [16] , [41] or [51] .
Deep holes in three-dimensional ball packings
In 1976 L. Fejes Tóth [15] proposed a problem to determine γ(B n ) and its corresponding optimal packing sets. In the planar case, it is easy to show that
and every optimal packing set is isometric to Λ 2 (see Section 0). However, as one can predict, the problem turns out to be very hard in higher dimensions. Let X = {x 1 , x 2 , · · · } be a discrete set of points such that B n + X is a packing in E n . For every point x i ∈ X we define
In other words, V (x i ) consists of the points which are closer to x i than to any other point of X. Usually V (x i ) is called the Dirichlet-Voronoi cell associated with x i . It is easy to see that all Dirichlet-Voronoi cells are convex polytopes and
In addition, since B n + X is a packing in E n , we have
Let v be a common vertex of two Dirichlet-Voronoi cells V (x i ) and V (x j ). By their definitions one can deduce
Therefore we have
This fact localizes the deep hole problem for a fixed ball packing to its DirichletVoronoi cells. When X is a lattice, all the Dirichlet-Voronoi cells are congruent to each other. Therefore one can determine r(B n , X) by considering only one cell. In this case, we have
where the maximum is over all the vertices v of V (o).
Let A 3 and A * 3 denote the face-centered cubic lattice and the body-centered cubic lattice, respectively. That is
where a 1 = (1, 1, 0), a 2 = (1, −1, 0) and a 3 = (0, 1, −1); and To solve L. Fejes Tóth's problem in three dimensions, Böröczky [3] in 1986 proved the following theorem. In fact, so far this problem is completely solved only in E 2 and E 3 .
Theorem 2.1.
and every optimal packing set is isometric to 4/3A * 3 .
In other words, intuitively speaking, in every ball packing B 3 + X one can add some small balls of radii at least 5/3 − 1 = 0.290994448 · · · .
Böröczky's proof is elementary in character, but very complicated. Let X = {x 1 , x 2 , · · · } be a discrete set in E 3 such that B 3 + X is a packing; let v be a common vertex of four Dirichlet-Voronoi cells V (x j1 ), V (x j2 ), V (x j3 ) and V (x j4 ); and let T denote the simplex (tetrahedron) with vertices x j1 , x j2 , x j3 and x j4 . Usually, such a simplex is called a Delone simplex. It is clear that It can be proved that r ≥ 5/3 if one of the four dihedral angles of T is at most π/3. On the other hand, if a face of V (x i ) has k vertices, then there will be k Delone simplices with a common edge x i x j which is perpendicular with the face and the sum of the k corresponding dihedral angles is 2π. If 1 + r(B 3 , X) < 5/3, then k ≤ 5 holds for every face of V (x i ). Based on these facts, by Euler's formula about the numbers of vertices, edges and faces of a polytope, Theorem 2.1 is proved by considering several cases with respect to the number of faces of V (x i ). Remark 1. In E 2 the optimal sets, irrespective of the circle packing density, the depth of the deep hole in a circle packing or the circle covering density, are identical with Λ 2 up to isometry and homothety. In E 3 , however, the situation is very different. Besides Theorem 2.1, it is well-known that every optimal packing lattice of B 3 with respect to the packing density is isometric to √ 2A 3 (see [8] or [51] ) and every optimal covering lattice of B 3 with respect to the covering density is isometric to 4/5A * 3 (see Bambah [1] ).
Deep holes in lattice ball packings
As usual, we write
and let Λ 24 denote the Leech lattice. In addition, we denote the dual lattice of Λ by Λ * . That is
where u, v indicates the inner product of u and v. For every lattice Λ there is a minimum number τ such that B n + τ Λ is a packing. We list the known depths of the deep holes in some particular lattice ball packings in the following table. 
Although (2.1) provides a theoretical method to determine the deep holes and their depth in a particular lattice ball packing, it is still a hard job in practice, for example in Λ 24 , E * 6 and E * 7 (see [7] , [8] , [35] , [46] and [47] ). Nevertheless, as one can predict, our knowledge about γ * (B n ) is more than that about γ(B n ). Based on the methods and techniques developed by the Russian school, Horváth (see [26] and [27] ) was able to determine the values of γ * (B 4 ) and γ * (B 5 ).
Theorem 3.1.
Remark 2. It is well-known that every optimal packing lattice of the four-dimensional (five-dimensional) unit ball with respect to the density is isometric to
, and every optimal covering lattice of the four-dimensional (five-dimensional) unit ball with respect to the density is isometric to 5/2A *
Clearly r(C, X) can be regarded as a measure of efficiency of X for the simultaneous packing and covering of C. Checking Table 3 Table 3 .1), we get
which provides a negative answer to Problem 11.3 of Zong [51] . It is indeed very hard to imagine and to explain why this can happen. When Rogers [39] studied the density of a ball packing he discovered a lower bound on the distance between a vertex and the center of a Dirichlet-Voronoi cell. In fact, by (2.1) his result implies
By this lower bound and some upper bounds provided by Table 3 .1 we have
Based on this observation it is reasonable to make the following conjecture.
Conjecture 3.1.
and every optimal packing set is isometric to
and every optimal packing set is isometric to Λ 24 .
Deep holes with respect to the Minkowski metric
While it is impossible to determine the values of γ(C) and γ * (C) for all ndimensional centrally symmetric convex bodies C, it is important to have some good bounds for them. Clearly, for every centrally symmetric convex body C we have
where the lower bound can be attained only by tiles (the space filling bodies), and
then one can show both
In this section we will introduce some non-trivial bounds for γ(C) and γ * (C). Let us start with the planar case.
Theorem 4.1. For every two-dimensional centrally symmetric convex domain C we have
As a consequence, intuitively speaking, for any considered domain C there is a corresponding lattice packing C + Λ in which one cannot add any translate of λC when λ > 0.2.
In order to deduce the upper bound Zong [52] introduced two expressions for γ * (C), one in terms of an inscribed hexagon and another in terms of a regular triangle in the sense of the Minkowski metric · C . Then, by an argument involving continuous functions and mean value, one can apply the two expressions exactly in two cases and thus deduce the upper bound.
In fact, these expressions also provide practical methods to determine the exact value of γ * (C) for some particular domains. For example, letting P n denote the regular n-gon, one can show
for all positive integers k and especially
Remark 4. It is interesting to notice that
This means B 2 is not the least efficient domain with respect to the deep holes, though intuitively it should be. This phenomenon is very similar to the density problem (see Reinhardt [37] and Mahler [33] ).
It is easy to check that the gap between γ * (P 8 ) and 1.2 is 0.028427124 · · · . However, since the upper bound is achieved by the mean value technique, we do not know the least efficient domains with respect to γ * (C). To solve Problem 1.1 in three dimensions, Zong [53] obtained the following upper bound.
Theorem 4.2. For every three-dimensional centrally symmetric convex body C we have
Based on a classic result of Convex Geometry that every convex body can be arbitrarily approximated by smooth ones, we can assume that C has a smooth surface. To prove the theorem, we start with a basic layer of translates of C satisfying some particular technical conditions. Then we introduce a continuous function for all lattice arrangements of C which consist of the translates of the basic layer. By varying the basic layer and changing the relative positions of the layers, we can find a lattice arrangement C + Λ at which the function attains a special value. Then, by checking several cases determined by the function, we can prove that C + Λ is a packing in E 3 and 1.75C + Λ is a covering of E 3 . Of course, some basic criteria for lattice packings and lattice coverings are essential in the proof. For example, let a 1 , a 2 and a 3 be a basis of a lattice Λ. If C + {o, a 1 , a 2 , a 1 + a 2 , a 3 , a 1 + a 3 } covers  the convex hull of {o, a 1 , a 2 , a 1 + a 2 , a 3 , a 1 + a 3 }, then C + Λ is a covering of E Now we turn to asymptotic bounds for γ(C) and γ * (C) in high dimensions. Let θ(C) denote the density of the thinnest translative coverings of E n by translates of C and let δ(C) denote the density of the densest translative packing of C in E n . For the lattice case, we will denote their analogues by θ * (C) and δ * (C) respectively. From the definitions of γ(C), θ(C) and δ(C) one can easily deduce
It is well-known that
The lower bound for θ(B n ) was discovered by Coxeter, Few and Rogers [9] , and the upper bound for δ(B n ) was deduced by Kabatjanski and Levenstein [29] . Thus we have the following lower bound for γ(B n ).
Remark 5. By Table 3 .1 we have
It is interesting to notice that γ * (B 24 ) is smaller than 2 0.599 , the lower bound for γ(B n ) when n is sufficiently large.
Let Q be a k-dimensional centrally symmetric convex body and let Q be the (k + 1)-dimensional cylinder with base Q and height 2. For a lattice arrangement Q + Λ we write
where P indicates a fundamental parallelopiped of Λ. In 1959, by a mean value method Rogers [40] proved that there is a (k + 1)-dimensional lattice Λ such that
and
Then, by approximating the considered n-dimensional centrally symmetric convex body C by generalized cylinders Q ⊕ I n−k (here I n−k indicates a certain (n − k)-dimensional parallelopiped) and applying this result inductively, he was able to achieve the best known upper bound for θ * (C). Let χ(x) be the characteristic function of 2C. In 1945, Siegel [44] proved
where dσ is the Haar measure over the space of all lattices with determinant 1. By this formula, one can immediately deduce the Minkowski-Hlawka theorem, the best known lower bound for δ * (C). Combining these two mean value techniques together, as a general upper bound for γ * (C) in higher dimensions, Butler [6] proved the following surprising result.
Theorem 4.4.
When n is sufficiently large,
holds for every n-dimensional centrally symmetric convex body C.
Comparing with Problem 1.1, one can immediately understand the significance of this theorem. Although this theorem cannot solve the problem, the o(1) term makes the problem mysterious. Remark 6. Before Butler's work, Rogers [38] proved that if C+Λ is a lattice packing with 1 + r(C, Λ) ≥ 3, then one can construct a new lattice packing C + Λ such that Λ ⊂ Λ and
For the ball case, by modifying Rogers' method, Henk [18] improved the upper bound from 3 to √ 21/2.
Infinite cylindrical holes in lattice ball packings
In 1960 Heppes [22] 
We call such a cylinder a cylindrical hole in the lattice ball packing. Let r * 1 (B n ) be the maximum number such that in every n-dimensional lattice ball packing B n + Λ there is a cylindrical hole with an (n − 1)-dimensional spherical base of radius r * 1 (B n ). To improve Heppes' result, Hortobágyi [24] was able to determine the value of r * 1 (B 3 ). As one can imagine, his proof was very technical and complicated.
Theorem 5.1.
In addition, √ 2A 3 is the only corresponding optimal lattice with respect to isometry.
To study the cylindrical holes in lattice ball packings, Horváth [25] By this lemma, the cylindrical holes in direction u i are projected into spherical holes in B n−1 + p i (Λ). Lemma 5.1 is not powerful enough to provide an elegant proof for Theorem 5.1. However, it is very useful in deducing the following lower bound for r * 1 (B n ) (see Ryskov and Horváth [43] ).
When n = 4, it follows by this theorem that
On the other hand, by applying Lemma 5.1 to √ 2D 4 , in B 4 + √ 2D 4 one can find cylindrical holes with spherical bases of radius exactly √ 5/2 − 1. Therefore we have the following result discovered by Horváth [25] . 
Free segments in ball packings
It is natural to ask: Is there a similar infinite cylindrical hole in every translative ball packing? As will be shown at the end of this section, the answer is "no". Before dealing with this problem, let us first introduce some related local results which have their own significance.
For convenience, we call a straight line with one side to infinity a light ray and say C + x and C + y are nonoverlapping if (int(C)+ x) ∩ (int(C)+ y) = ∅. Let ψ(C) denote the smallest number of nonoverlapping translates of C, all of them having no common point with int(C), which can block all the light rays starting from the center of C. Let ϕ(C) denote the smallest number of nonoverlapping translates of C, all of them having no common point with int(C), which can block all the light rays starting from C. In addition, let ψ * (C) and ϕ * (C) denote their lattice analogues (the translate points form a subset of a lattice), respectively. By the definitions we have
In the planar case, since we need exactly six circles to surround one, we can deduce
In fact, this is true for all two-dimensional centrally symmetric convex domains except parallelograms. For the exceptions the answer is four. It follows from Theorem 5.1 and Theorem 5.2 that in every n-dimensional lattice ball packing (n ≥ 3) there exist cylindrical holes. Therefore we have 
CHUANMING ZONG
Turning to higher dimensions, we have the following asymptotic bounds for ψ(C) and ψ * (C).
Theorem 6.2. When n is sufficiently large,
2 (1+o (1)) .
In 1999, Zong [50] discovered a close relationship between ψ * (C) and Dirichlet's approximation theorem in Number Theory from which he deduced the first general upper bound for ψ * (C). Then Henk (see [51] ) provided the following geometric version of Dirichlet's theorem from which one can deduce Theorem 6.2.
Lemma 6.1. Let C + Λ be a lattice packing in E n with density δ(C, Λ). For any vector v = o there is a lattice point u and a positive integer
is the Riemann zeta-function (see [16] or [51] ). Therefore one can easily deduce the upper bound in Theorem 6.3 from Theorem 6.2.
For convenience, we write r = 2 0.275n , α = 1/n and r i = 2 + iα. Let X be a packing set of B n such that B n + X does block all the light rays starting from o, and write
By known results about cap packing, one can deduce
Then, by comparing the spherical areas, one can prove that the spherical projections of those B n + x, x ∈ X ∩ rB n , onto the surface ∂(B n ) of B n cannot cover half of it when n is sufficiently large. Thus, to cover the left part of ∂(B n ) by the corresponding spherical projections of the unit balls with centers outside rB n , Bárány and Leader (see [51] ) were able to get the lower bound in Theorem 6.3. A similar lower bound can also be found in Talata [45] .
In 1959, L. Fejes Tóth [14] proposed the problem to determine ϕ(B 3 ). Although it seems more natural than ψ(B 3 ), our knowledge about ϕ(B 3 ) is even less. So far, we only know
where the upper bound was discovered by Schopp (see [4] ). In higher dimensions we have the following upper bound for ϕ(C).
Theorem 6.4.
This theorem was proved by the following technique: First, we construct a suitable covering on the surface of rC with translates of αC, where r is a large number and α is a small positive number which will be chosen later. Second, enlarge the translates to C and remove them along their radical directions to suitable positions to form a packing. Third, applying some argument based on doublecone, make sure that the new packing does block all the light rays starting from C. Finally, by choosing suitable parameters r and α, compute the number of the translates to get the upper bound. This technique was first discovered by Zong [49] . Later, improvements were made by Talata [45] . Böröczky and Soltan [4] obtained a weaker upper bound simultaneously and independently. In fact, they proved that
holds for a suitable constant c n depending only on n.
Based on the following observation, one can deduce Theorem 6.4 also from Lemma 6.1.
If C + x blocks the light ray starting from o and in the direction u, then 2C + x will block all the light rays starting from C and in the direction u. It was Bárány who first made such an observation and deduced Theorem 6.4 from Lemma 6.1 for the ball case. Then it was generalized to arbitrary centrally symmetric convex bodies by the author (see [51] ).
For the ball case, by (6.1) and Theorems 6.3 and 6.4, one can easily deduce 2 0.275n
To tighten these bounds Talata [45] was able to show the following result.
Theorem 6.5.
Based on Theorem 6.3 and Theorem 6.5, Zong [51] proposed two problems about the asymptotic orders of ψ(B n ), ψ * (B n ) and ϕ(B n ). We give them here.
Problem 6.1. Do there exist absolute constants c and c such that
If so, determine them.
Problem 6.2. Does there exist an absolute constant c * such that
Besides their own significance, Theorems 6.1-6.5 provide a local picture about segments in packings. Let s(C, X) denote the maximum length (in the Minkowski metric · C ) of the segments contained in E n \ {int(C) + X} and define
where the minimum is over all packing sets of C. To answer the question stated at the beginning of this section, based on the periodic property of a lattice, Henk and Zong [20] were able to prove the following result by induction.
Theorem 6.6. For any fixed , > 0, there exist a periodic set X(n, ) and a constant c(n, ) such that B n + X(n, ) is a packing in E n and
Corollary 6.1. For every convex body K, even if not centrally symmetric, we have
Remark 7. This result not only provides a negative answer to the question stated at the beginning of this section, it also shows an essential difference between lattice packings and nonlattice packings.
It is well-known that for every n-dimensional centrally symmetric convex body C there is a linear transformation L such that [48] ). Therefore, by Theorem 6.6 one can deduce
where c(n) is a constant depending only on n. To improve this bound, Böröczky and Tardo [5] show the following result with a probability method.
Theorem 6.7. When n is sufficiently large,
For convenience, we write β = 10000 and assume n > 2. By the MinkowskiHlawka theorem (see [16] or [51] ), for the considered C there is a lattice Λ such that 4βn 2 4 n C + Λ is a packing and
Let T denote the torus R n /Λ and throw points x 1 , x 2 , · · · randomly into T with uniform distribution. We will color x i in green if C + x i is disjoint with any C + x j for j < i. For a measurable subset A of T we denote the possibility that A contains no green point by p(A). According to Rogers [41] there is a covering 1 n C + Y of T with a density at most n log n + n log log n + 5n. Therefore we have card{Y } ≤ (n log n + n log log n + 5n)n
Let S denote the family of the segments in T with Minkowski length between βn 2 2 n − 1 and βn 2 2 n + 1 and with endpoints belonging to Y . Clearly we have
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Writing N = β 6 n 2 2 n , one can prove that
holds for every segment S ∈ S. Thus, the possibility p 0 that there exists an S ∈ S such that (1 − 2/n)C + S contains no green point satisfies
Therefore there is a sequence of points x 1 , x 2 , · · · such that, for any S ∈ S, the set (1 − 2/n)C + S contains a green point. Let X denote the set of the green points. It can be proved that C + X + Λ is a periodic packing in which no free segment is longer than βn 2 2 n . By the lower bound of ϕ(B n ) in Theorem 6.5 one can deduce (1)) .
In fact, this lower bound can also be easily deduced from a random argument based on the known upper bound for δ(B n ) (see [5] ). This lower bound and Theorem 6.7 support a positive answer for the following problem proposed by Zong [51] . Problem 6.3. Does there exist an absolute constant c such that
If so, determine it.
From deep holes to free planes
Let µ i (C, Λ) denote the minimum number λ such that E n \ {λC + Λ} does not contain any (n − i)-dimensional plane. Usually, µ i (C, Λ) is called the i-th covering minimum of C with respect to Λ. This sequence of numbers was introduced by Kannan and Lovász [30] in 1988. Clearly we have
In some sense, covering minima can be regarded as a counterpart to Minkowski's successive minima (see [16] ) in Geometry of Numbers.
In fact, it is these covering minima which join deep holes, cylindrical holes and free planes together. Now, let us explain the connections.
First, it is easy to see that µ n (C, Λ) is nothing else but the depth of the deep holes in C + Λ with respect to the Minkowski metric · C when C + Λ is a packing. Therefore we have
where the minimum is over all the packing lattices of C. For a general lattice arrangement C + Λ, let η(C, Λ) denote the maximum number η such that ηC + Λ is a packing. Then one can deduce
where the minimum is over all lattices. Usually, we call µ n (C, Λ) the covering radius of C with respect to Λ and call η(C, Λ) the packing radius of C with respect to Λ. In fact, 2η(C, Λ) is nothing else but the first successive minimum of C with respect to Λ (see [16] ).
Second, it follows from their definitions that
holds for every lattice. In other words, κ * (C) is the largest integer such that the above inequality holds for all lattices.
Third, we define
where the minimum is over all the packing lattices of C. When i ≤ κ * (C) we have
Let C, C 1 , C 2 , · · · be a sequence of n-dimensional centrally symmetric convex bodies satisfying
for all i ≤ n. However, we do not know the answer to the following problem. (1)) (the KabatjanskiLevenstein theorem), is still huge. Better understanding of the sequence r * i (B n ) perhaps will bring progress to this problem.
It is easy to see that γ * (C) = 1 + r * 0 (C). Therefore one can ask questions similar to Problem 4.1 for r * i (C). Based on Remark 4 it seems that B n cannot be an extreme body for questions of this kind. Nevertheless, since B n is the most typical centrally symmetric convex body in E n , we end this section with the following problem.
Problem 7.2. Is it true that
holds for every n-dimensional centrally symmetric convex body C?
Free planes in lattice ball packings
In 1970, when he discovered the Seeber set and applied it to the study of cylindrical holes, Horváth [25] claimed a proof for the following statement:
In every n-dimensional lattice ball packing there exists an (n − 2)-dimensional free plane. In other words,
However, in 1992 Hausel [17] found a mistake in Horváth's proof and showed that
for some suitable positive constant c. Recently, Henk, Ziegler and Zong [21] improved this upper bound to the following result.
Theorem 8.1.
There is an absolute constant c, 0 < c < 1, such that
It was shown by Kannan and Lovász [30] that
holds for every n-dimensional lattice. In addition, Conway and Thompson (see [34] ) proved that there exists a constant β 1 such that for every dimension n one can find a lattice Λ satisfying
Thus, for those lattices we have
On the other hand, it was proved by Banaszczyk [2] that there is a positive constant β 2 such that µ n (B n , Λ) ≤ β 2 nµ 1 (B n , Λ) holds for every n-dimensional lattice. In addition, for any fixed n-dimensional lattice Λ and k ∈ {1, 2, · · · , n}, one can construct a k-dimensional lattice Λ k satisfying both
Then, for a lattice satisfying (8.1) we have Clearly, determining the maximum dimension of the free planes in a particular lattice packing is an interesting and non-trivial problem. Here we emphasize the following one. As for a lower bound for κ * (B n ) we have the following result.
Theorem 8.2. For any fixed
if n = 8, n 1− , if n is sufficiently large.
The first two cases of this theorem were proved by Henk, Ziegler and Zong [21] by applying Korkin-Zolotarev reduction in quadratic forms and some known results about the deep holes introduced in previous sections. The third case was proved by Henk [19] by applying generalized Hermite constants.
Let Λ k denote a k-dimensional sublattice of Λ of minimum determinant and define
where the maximum is over all n-dimensional lattices Λ. Usually the n numbers γ(n, k) 2k for k = 1, 2, · · · , n are called generalized Hermite constants. They were first studied by Rankin [36] . By the definitions one can prove 
